Abstract. We prove that for 4-manifolds M with residually finite fundamental group and non-spin universal covering M , the inequality dim mc M ≤ 3 implies the inequality dim mc M ≤ 2. This allows us to complete the proof of Gromov's Conjecture for 4-manifolds with abelian fundamental group.
Introduction
M. Gromov [G2] introduced the concept of macroscopic dimension to describe some large scale phenomenon of universal covering of manifolds with positive scalar curvature. He discovered some large scale dimensional deficiency of the universal covering of such manifolds which he formulated in the following:
Gromov's Conjecture. The macroscopic dimension of the universal covering M of a closed n-manifold M with positive scalar curvature satisfies the inequality dim mc M ≤ n − 2 for a metric on M lifted from M.
1.1. Definition. [G2] A metric space X has macroscopic dimension dim mc X ≤ k if there is a uniformly cobounded proper continuous map f : X → K to a k-dimensional simplicial complex. Thus, the macroscopic dimension of X is m, dim mc X = m, where m is minimal among k with dim mc X ≤ k.
We recall that a map of a metric space f : X → Y is uniformly cobounded if there is a uniform upper bound on the diameter of preimages f −1 (y), y ∈ Y .
Since dim mc X = 0 for every compact metric space, Gromov's Conjecture holds trivially for simply connected manifolds. In this paper we complete the proof of Gromov's Conjecture for 4-manifolds with abelian fundamental group. Now Gromov's Conjecture for manifolds with an abelian fundamental group is established in all dimensions modulo the status of the quite technical preprint [SY2] . First, the conjecture was settled in all dimensions for almost spin manifolds with an abelian fundamental group [Dr1] . For a closed manifold M of dimension n ≥ 5 with an abelian fundamental group and a non-spin universal cover, the problem was reduced in [BD] (Theorem 4.7 and Corollary 4.11) to a manifold of type T 4n #CP 2n . Theorem 1.2 from a recent preprint of Schoen and Yau [SY2] states that T 4n #CP 2n cannot carry a metric of positive scalar curvature. This covers the remaining case for n ≥ 5.
Gromov's conjecture can be split in two steps: The first step is to show the inequality dim mc M ≤ n − 1 in the case of a positive scalar curvature metric on M and the next step is to prove the inequality dim mc M ≤ n − 2. The first step of this conjecture can be traced back to [G1] , and it seems out of reach in view of the fact that it implies the Gromov-Lawson Conjecture: A closed aspherical manifold cannot support a metric of positive scalar curvature. This conjecture is a relative of the famous long standing Novikov Higher Signature conjecture [R1] . The second step seemed to be manageable. In fact, Gromov proposed the following [G2] :
Conjecture. The inequality dim mc M ≤ n − 1 implies the inequality dim mc M ≤ n − 2 for all manifolds.
It was known that this conjecture holds true for 3-manifolds [B2] [GL] . In [B1] D. Bolotov constructed a 4-dimensional counterexample. In [BD] we proved that this conjecture holds true for n-manifolds M, n ≥ 5, whenever the universal cover M is not spin. In this paper we prove this conjecture for 4-manifolds with residually finite fundamental group and non-spin universal cover.
1.2. Theorem. Let M be a closed 4-manifold with residually finite fundamental group whose universal cover M is not spin and
The totally non-spin condition in this theorem is crucial in view of Bolotov's example [B1] of a spin 4-manifold M with dim mc M = 3 and residually finite fundamental group π 1 (M) = Z * (Z × Z).
We note that for n = dim M > 4 such theorem was proven in [BD] without restriction on the fundamental group with the use of the following theorem of Wall [W] , which holds only for n ≥ 5.
1.3. Theorem. Let W be a bordism between compact n-manifolds, n ≥ 5, M and N which is stationary on the boundary, ∂M = ∂N. Suppose that the inclusion M → W is a k-equivalence. Then W admits a handle decomposition with no handles of index ≤ k + 1.
We recall that a map f : X → Y is called a k-equivalence if f * :
is an isomorphism for i ≤ k and an epimorphism for i = k + 1.
Preliminaries
Let π = π 1 (K) be the fundamental group of a CW complex K. By u K : K → Bπ = K(π, 1) we denote a map that classifies the universal covering K of K. We refer to u K as a classifying map for K. We note that a map f : K → Bπ is a classifying map if and only if it induces an isomorphism on the fundamental groups.
2.1. Inessential manifolds and macroscopic dimension. We recall the following definition of Gromov [G3] : 2.1. Definition. An n-manifold M with fundamental group π is called inessential if its classifying map u M : M → Bπ can be deformed into the (n − 1)-skeleton Bπ (n−1) of a CW-complex structure on Bπ and it is called essential otherwise.
Note that for an inessential n-manifold M we have dim mc M ≤ n−1. Indeed, a lift u M : M → Eπ (n−1) of a classifying map is a uniformly cobounded proper map to an (n−1)-complex. Generally, if a classifying map u M : M → Bπ can be deformed to the k-dimensional skeleton, then dim mc M ≤ k.
The following was proven in [BD] 
Macroscopically inessential manifolds.
The macroscopic dimension can be used for the description of the macroscopic inessentiality of a manifold.
Theorem ([Dr1])
. Let M be a closed oriented n-manifold and let u : M → Eπ be a lift of u M : M → Bπ. Then the inequality dim mc M ≤ n − 1 is equivalent to the following condition:
(*) The map u can be deformed by a bounded homotopy to Eπ
for any lift of a proper metric on Bπ.
Note that we may assume that Bπ is a locally finite complex and hence it admits a proper metric. Also note that u admits a bounded deformation to a map f : M → Eπ if and only if f is in bounded distance to u, i.e. there is
Thus, the inequality dim mc M n ≤ n − 1 is a macroscopic analog of inessentiality. We call manifolds N with dim mc N < dim N macroscopically inessential.
There is an analog of Proposition 2.2:
For an n-dimensional manifold M with a fixed CW complex structure, a classifying map u : M → Bπ and with macroscopically inessential universal covering M any lift
Macroscopic dimension and QI-embeddings. A map f :
Note that any countable CW complex B admits a metric d, called a weak metric on B, such that the identity map id : B −→ (B, d) is continuous. It means that d does not necessarily define the CW topology on B but its restriction to any compact set does.
The following theorem, proved in [BD] , characterizes macroscopic dimension of universal coverings of finite CW complexes by continuous QI-embeddings.
Theorem ([BD], Theorem 2.12). Suppose that Eπ is given a metric d lifted from a weak metric on
Bπ where π = π 1 (X) for a finite CW complex X. Then the inequality dim mc X ≤ n holds true for the universal covering X of X with the lifted metric if and only if there is a continuous QI-embedding
It was shown in the proof of the above theorem that given a QIembedding g : X −→ Eπ (n) , then it is proper and uniformly cobounded. It follows from the above theorem and Proposition 2.4 that for a closed n-manifold M, a lift u : M −→ Eπ of u : M −→ Bπ admits a bounded deformation to a QI-embedding
2.4. Bordism. We recall that the group of oriented relative bordisms Ω n (X, Y ) of the pair (X, Y ) consists of the equivalence classes of pairs (M, f ) where M is an oriented n-manifold with boundary and f : (M, ∂M) → (X, Y ) is a continuous map. Two pairs (M, f ) and (N, g) are equivalent if there is a pair (W, F ), F : W → X called a bordism where W is an orientable (n + 1)-manifold with boundary such that
In the special case when X is a point, the manifold W is called a bordism between M and N. The following proposition is proven in [BD] .
Proposition. For any CW complex K there is an isomorphism
In this paper we consider bordisms of open manifolds obtained from an infinite family of bordisms of compact manifolds with boundary as follows. Let M be an open n-manifold with a family of disjoint ndimensional submanifolds with boundary {V γ }. Let U γ be a family of stationary on the boundary bordisms between 2.7. Theorem (Poincare-Lefschetz duality). Suppose M is a compact orientable n-manifold whose boundary is decomposed as the union of two compact (n − 1)-dimensional manifolds A and B with a common boundary ∂A = ∂B = A ∩ B. Then there is an isomorphism
for all k.
2.6. A Note on Obstruction Theory. Let (X, Y ) be a CW-pair and g a map from Y to Z. Suppose that Z is path connected and π 1 (Z) acts trivially on π n (Z) for every n. The aim is to extend the map g to a map from X to Z by proceeding inductively over the skeleton of X. Suppose g has been extended to a mapĝ on the n-skeleton X (n) ,ĝ : X (n) → Z, then the obstruction [σĝ] to extendinĝ g| X (n−1) to X (n+1) lies in the cohomology group H n+1 (X, Y ; π n (Z)). Obstruction theory says thatĝ| X (n−1) :
→ X is the characteristic map. It easily follows that σĝ = 0 if and only ifĝ extends to a map X (n+1) → Z.
Proof of Main theorem
The condition of residual finiteness in the main theorem comes into the picture in the following lemma: 3.1. Lemma. Let M be a 4-manifold with a residually finite fundamental group. Then for any α ∈ π 2 (M) there is a finite covering
and the inclusion homomorphism of the fundamental groups π
Proof. Let h : S 2 → M be an immersion without triple points that realizes α. Leth : S 2 → M be its lift with respect to the universal covering p : M → M. Sinceh is an immersion, there are finitely many pairs of points (x
Since π is residually finite, there is an epimorphism φ : π → F to a finite group such that φ(g i ) = e for all i and φ restricted on {g 1 , ..., g n } is injective. Then the universal covering is factorized as p = p ′ • q with p ′ : M ′ → M a finite covering and q : M → M ′ the projection onto orbit space of the action of kerφ. Since q is π-equivariant map, q(x − i ) = q(x + i ) for all i. Therfore, q restricted toh(S 2 ) is a homeomorphism onto the image. We consider
and the fact that π 1 ( M ) = 0 imply the required property of h ′ .
3.2. Proposition. Let φ : A → Z 2 be a π-module homomorphism where A is a finitely generated π-module. Then the kernel ker φ is a finitely generated π module.
Proof. Let A be generated as a π-module by S = {x 1 , x 2 , ..., x n } and let F be the free π-module on the set S and A be the homomorphic image of F . Consider the kernel of the π-module homomorphism
is generated as a π-module by the set S ′ = {x
is surjective, it follows that Ker(φ) is finitely generated as a π-module. Proof. Let π = π 1 (M). The idea of the proof is to perform surgery on a family {V γ } γ∈Γ of compact submanifolds of M for some finite index subgroup Γ ⊂ π to obtain a family of stationary on the boundary bordisms {(W γ , q γ )} γ∈Γ between {V γ } and {N γ } , where q γ (N γ ) ⊂ EΓ (2) . Then use obstruction theory to extend the maps q γ to a map q :
The assumption that M is non-spin implies that the homomorphism
. By Lemma 3.1 there is a finite index normal subgroup Γ ⊂ π and corresponding finite covering
is trivial where q : M → M ′ is the universal covering of M ′ . Let V be a regular neighborhood of qh(S 2 ). Thus V is a 4-manifold with boundary which can be deformed to qh(S 2 ). Since the inclusion homomorphism
We may assume that M ′ has a CW structure with one 4-dimensional cell. Since dim mc M ≤ 3, then by Proposition 2.4, there is a bounded deformation of a lift u : M −→ EΓ of a classifying map u :
, where {D γ } γ∈Γ are the translates of a section of q over a fixed closed 4-ball D in the 4-dimensional cell of M ′ . We may assume that D ⊂ V and D γ ⊂ V γ . This can be done while keeping the images f (D γ ) uniformly bounded. Clearly, f is a QI-embedding.
Note that the restriction of f to (D γ , ∂D γ ) defines a zero element in
. We may assume that the bordism W For each γ ∈ Γ, we can enlarge the bordism W γ by the trivial bordism (V γ \ Int D γ ) × [0, 1] to a bordism W γ of manifolds with boundaries between V γ and N γ . The maps q γ extend by means of f to maps 2) . Thus (W γ , q γ ) is a bordism between V γ and N γ that is stationary on the boundary and q γ (N γ ) ⊂ EΓ (2) . Note that the inclusion V γ → W γ induces an isomorphism of the fundamental groups.
Since the images of N γ are uniformly bounded, there are finite isometric subcomplexes Z γ , γ ∈ Γ, of EΓ (2) and b > 0 sufficiently large such that q γ (N γ ) ⊂ Z γ and diam(Z γ ) < b. Now consider a finite set of loops g γ i : S 1 → Z γ that generates π 1 (Z γ ), and define
be the space obtained by attaching disks to Z γ along the maps g γ i . Then X γ , γ ∈ Γ, are simply connected and isometric. Note that since π 1 (EΓ (2) ) = 0, the inclusion map j γ : Z γ −→ EΓ (2) can be extended to a map j γ : X γ −→ EΓ (2) . Moreover, we can assume that diam(j γ (X γ )) < b.
Consider the induced homomorphism (ν W γ ) * : π 2 (W γ ) → π 2 (BSO) = Z 2 . This homomorphism is surjective and every 2-sphere S that generates an element of the kernel has a trivial stable normal bundle. Since π 1 (W γ ) ∼ = π 1 (V γ ) is a finitely generated free group, π 2 (W γ ) is a finitely generated π 1 (W γ )-module (see [Ra] ). It follows from Proposition 3.2 that the kernel of (ν W γ ) * is finitely generated. Hence we can perform 2-surgery on W γ to obtain a bordism (Ŵ γ ,q γ ) between V γ and N γ and a map νŴ γ :Ŵ γ −→ BSO withq γ = q γ = f on ∂Ŵ γ = ∂W γ and with a uniform bound for the distance between images ofq γ and q γ . Hence, we can assume thatq
is surjective since (ν Vγ ) * is surjective and (νŴ γ ) * is an isomorphism. Thus, by the exact sequence of pairs (Ŵ γ , V γ ), we get π 2 (Ŵ γ , V γ ) = 0. By the relative Hurewicz theorem, we get
SinceŴ γ is a smooth 5-manifold with corners, then it can be triangulated and hence it is a CW complex. Therefore, we can use obstruction theory on (Ŵ γ 
to a map fromŴ γ to X γ , where i γ : Z γ −→ X γ is the inclusion map. Since X γ is simply connected, we can extend the map to the 2-skeletonŴ (2) γ . The primary obstruction for this extension problem lives in
Thus, there is an extension of the map
γ . The second obstruction lives in the group H 4 (Ŵ γ , N γ ; π 3 (X γ )). By the Universal Coefficient Formula,
And the third obstruction lives in Proof. The case where M is spin was proved in [BD2] , and the case where the universal cover M is spin was proved in [Dr1] . Since abelian groups are residually finite, then in view of Theorem 3.3, to complete the proof in the case where M is non-spin, it suffices to show that a positive scalar curvature 4-manifold with abelian fundamental group is inessential. Since Gromov's conjecture for a finite index subgroup implies the conjecture for the group [BD2] , we may assume that π 1 (M) is free abelian. If rank(π 1 (M)) = 4, then the manifold M is inessential by definition. If rank(π 1 (M)) = 4 and M admits an essential map onto the 4-torus T 4 , then M does not admit a metric with positive scalar curvature [Sch] , [SY] .
Question: Let ν : M 4 −→ BSO be a classifying map of the stable normal bundle. Does there exist an immersion h : S 2 −→ M 4 such that ν * [h * (S 2 )] = 0 in π 2 (BSO) and the inclusion h(S 2 ) −→ M 4 induces the trivial homomorphism on the fundamental groups?
Remark: In case of a positive answer to the above question, the residually finite condition on the fundamental group in the statement of the main theorem would drop.
